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Large and Moderate Deviation Limit Theorems For Arbitrary
Sequences Of Random Variables, With Applications.

1. Statement of the problems studied.

In this research project we have obtained several limit theorems for arbitrary and de-
pendent sequences of random variables. The limit theorems considered in this project fall
into three categories namely, Large deviation local limit theorems, Strong large deviation
theorems and Strong moderate deviation theorems. These three categories are dependenrt
in the sense they all are subcategories of large deviation theory. The theory of large devi-
ations and its many uses are well described in the book by Ellis(1985) and the monograph
by Varadhan(1984). This work generalized several classical limit theorems that were ob-
tained in the literature for independent and identically distributed random variables. In
the next three sections we outline briefly the technical details of the work done under this

contract.

2. Summary of the most important results.

2.1. Large Deviation Local Limit Theorems.

Let {Rn, n > 1} be a sequence of random variables which converge in distribution to
a random variable R. It is well known that convergence in distribution does not imply
convergence of the corresponding density functions. Let g, be the density function of R,

and g be the density function of R. An assertation of the form
(2.1.1) gn(r) — g(r), asn — oo

is known as a local limit theorem. Now, suppose R, — ¢ in probability as n — oo. Let
{rnn > 1} be a bounded sequence of real numbers. An asymptotic expression or the limit
of gn(ry) is known as a large deviation local limit theorem. In Chaganty and Sabnis(1990)
we have obtained large deviation local limit theorems for ratio statistics Bp = Tn,/Sn
where {T,, n > 1} is an arbitrary sequence of random variables indeperdent nf the positive

sequence of random variables {Sn, n > 1}. In applications T, represents an estimate ot the
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location parameter and S,, represents an estimate of the scale parameter based on a sample
of size n and R, is a test statistic used to test a hypothesis about the location parameter.
The multivariate extensions of our results, that is, the case where T, is a random vector
and S, is a positive random variable, yeilded very interesting identities. For example, let
T, = (Tin,-.-Tkn), where {T1n, n > 1},...,{Tkn, n > 1} are independent sequences
such that T}, is distributed as Poisson(n), 1 < j < k. Let S, be also distributed as
Poisson(n) and is independent of T,,. Let (ry,...,7x) be a vector of k positive integers, for
k > 1. Considering the probability of the event {T;,/S, = r;, 1 < j < k} and applying

the multivariate extension of our theorem, we obtain the following identity:

2 n n's® exp(n(1 +r) exp(—3_r;7;)) . 1
w2 XS = oy [ OW)]

as n — oo, where r = ) r; and

Y rjlogr;

1 =1,...,k
1+r

4

7; =logr; —

and D is a k x k matrix with (p, q) th element given by

4 - { rprq €xp(—>_1;7y) if p#gq
Pd r;‘; exp(—>_r;7;) +exp(r,) ifp=g¢.

In the special case where k = 4 and r; = 1,1 < j < k, the identity given by (2.1.2)

agrees with the result of Ramanujan (see Collected papers of Ramanujan, page XXVI,

VII(3), Edited by Hardy et. al (1962)).

2.2. Strong Large Deviation Theorems for Ratio Statistics.

Let {R.,n > 1} be a sequence of random variables such that R,/a, — O for some
sequence of real numbers a, — oo. In most examples the probability of the event {R, >
T,} goes to zero exponentially fast whenever z, = O(a,) and z, is positive. The event
{Rn > z,} for z, positive is known in the literature as a large deviation event. Numerous
authors including Crarher (1938), Chernoff (1952), Ellis (1984), Varadhan (1984) have
obtained asymptotic expressions for log P(R, > z,) under some conditions on the moment

generating function of R,. Such theorems are known as weak large deviation results
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as opposed to strong large deviation theorems, which obtain asymptotic expression for
P(R, > z,). In this research project we have obtained strong large deviation result
for the ratio statistic R, = T,/S,, where T, and S, are two independent sequences of
random variables. This theorem is stated below as Theorem 2.2.1. A complete report is
under preparation (see Chaganty(1990)). We shall continue to use the notation used in
Section 2.1.

Let {Tn,n > 1} be an arbitrary sequence of nonlattice random variables with mgf
®1.(2) and {S,,n > 1} be another sequence of positive random variables with mgt ¢, (2).
Assume that the two sequences are independent. Let ¢;, and ¢3, be nonvanishing and
analytic in the region 0 = {z € C : |z| < ¢}, where ¢ > 0 and C is the set of all complex
numbers. Let {a,} be a sequence of real numbers such that a, — oco. Let ;n(2) =
(log(#in(2)))/an for + = 1,2. Let {r,} be a positive bounded sequence of real numbers

such that there exists 7, satisfying ¥{,,(7n) — ra¥h,(=7nTn) =0and 0 <d < 7y < ¢; < c.

THEOREM 2.2.1. Assume that T, and S, satisfy the following conditions:
(1) There exist 3; < oo such that |¢;(2)] < B; for z € Q.
(2) There exists 6; > 0 such that

1

~o(1)

an

¢1n (Tn + 7't)
¢1n(7n)

for all 0 < 6 < 6; and for each A > 6.

sup
5<[t|<A

(3) There exists positive real number ay such that ¥, (1) > a;.

Then

n

P (T,. ) ___exp(an[r (7n) + Y2n(=7nn)])

5. 27 " 2.1 1/2°
Tn [27”1"-[ ln(Tn) + rn¢2n(_rﬂ-rn)]]

2.3. Strong Moderate Deviation Theorems.

Let {X,, n > 1} be a sequence of i.i.d. random variables with mean O and vari-
ance 1. The theory of moderate deviations introduced by Rubin and Sethuraman(1965a)
is concerned with evaluating the limit of

S
(2.4.1) % log P(—n—" > zp)




where S, = X, + -+ + X, and z, = O(vm) under moment conditions which are
less restrictive than tlie assumption of finiteness of the moment generating function. In a
subsequent paper Rubin and Sethuraman{1965b) showed that the limits of the expressions
similar to the one given in (2.4.1) are useful to compare test statistics via Bayes risk
efficiency. We shall call a result which gives the limit of the expression (2.4.1) a weak
moderate deviation result. On the other hand a strong moderate deviation theorem gives
the limit or an asymptotic expression to the probability of the event {S,/n > z,}, where
Tn = O(\/m). Most of the literature on the theory of moderate deviations, by far, is
concentrated for statistics which are functions of i.i.d. random variables. In this research
project we have obtained the following strong moderate deviation theorems for partial
sums of stationary m-dependent sequence {X,, n > 1} of random variables. These results

are contained in Chaganty(1989).

2.4. Gracefully Degrading Systems.

Several computer systems can be modelled by Gracefully Degrading Systems for reli-
bility analysis. These systems use all the failure-free components to execute tasks. When
a component failure is detected, these systems attempt to reconfigure to a system with
one fewer components. These systems can be represented as falling somewhere between
the extremes of ultra-reliable systems and high performance parallel systems in terms of
the trade off between performance and reliability gained by the use of redundancy. In
Chaganty and Mukkamala(1990) some important properties of the failure rate functions of
gracefully degrading computer systems were stated and proved. In particular it was shown
that the failure rate of a gracefully degrading system with i.i.d. DFR components is also
DFR if the coverage probability is less than 1/2. This generalizes a well known result for

series systems.




2.5. Bibliography.

1. Chernoff, H.(1952). A measure of asymptotic efficiency for tests of an hypothesis based
on the sum of observations. Ann. Math. Statist., 23, 493-507.

2. Cramér, H.(1938). Sur un nouveau théoréme-limite de la théorie des probabilites.

Actualites Se1. Ind., 736, 5-23.

3. Ellis, R.S.(1984). Large deviations for a general class of dependent random vectors,

Ann. of probab., 12, 1-12.

4. Ellis, R.S.(1985). Entropy, Large Deviations, and Statistical Mechanics. Springer-
Verlag, New York.

5. Rubin, H. and Sethuraman, J.(1965a). Probabilities of moderate deviations. Sankhyd,
A, 27, 325-346.

6. Rubin, H. and Sethuraman, J.(1965b). Bayes risk efficiency. Sankhya, A, 27, 347-356.

7. Varadhan, S.R.S.(1984). Large Deviations and Applications. CBMS-NSF Regional
conference series in Applied Mathematics, SIAM, Philadelphia.




3. Publications.

3.1.

3.2.

Published Abstracts.

. Chaganty and Sabnis(1987). Saddlepoint Approximation for the density of the ratio

of two statistics. Abstract no. 200-38, IMS Bulletin, p115, Vol. 16, No. 3.

. Chaganty and Sabnis(1988). Multidimensional large deviation local limit theorems

for ratio statistics. Abstract no. 207-54, IMS Bulletin, p259, Vol. 17, No. 3.

Chaganty(1989). Strong Moderate Deviation Theorems for m-Dependent Random
Variables. Abstract no. 211-47, IMS Bulletin, p306, Vol. 18, No. 3.

Chaganty and Sethuraman(1990). Multidimensional Strong Large Deviation Theo-
rems. Abstract no. CP-131, IMS Bulletin, p363, Vol. 19, No. 3.

Publications and Technical Reports.

. Chaganty(1989). Strong Moderate Deviation Theorems for m-Dependent Random

Variables. Technical Report.

Chaganty and Sabnis(1990). Large Deviation Local Limit Theorems for Ratio Statis-

tics. To appear in Communications in Statistics.

Chaganty and Mukkamala(1990). A Note on the Failure Rate of a Gracefully Degrad-
ing System. Submitted to IEEE Transactions in Reliability.

Chaganty (1990). Strong large deviation theorems for ratio statistics. Under prepa-

ration.

Chaganty and Sethuraman(1990). Multidimensional Strong Large Deviation Theo-

rems. Under preparation.




3.3. Presentations.

1. Strong Moderate Deviation Theorems for m-Dependent Random Variables (1989).

International Symposium on Applied Probability, Sheffield, England.

2. Presented a series of twenty lectures on the “Theory of Large Deviations” at the Indian

Statistical Institute, Bangalore Center.

3. Strong Moderate Deviation Theorems for m-Dependent Random Variables (1990).

VAS meeting, Harrisonburg, Virginia.

4. Multidimensional Strong Large Deviation Theorems (1990). 2nd World Congress of
the Bernoulli Society, Uppsala, Sweden.




4. Participating Scientific Personnel.

Dr. Narasinga Rao Chaganty

Department of Mathematics and Statistics
Old Dominion University

Norfolk, VA 23529-0077.

5. Advanced Degrees Awarded.

None.




